We analyze a model of cold axion Dark Matter weakly coupled with a dark gluon condensate, reproducing Dark Energy. We first review how to recover the Dark Energy behavior using the functional renormalization group approach, and ground our study on the properties of the effective Lagrangian, to be determined non-perturbatively. Then, within the context of GSM × SU (2)D × U (1)P Q, we consider YMC interactions with QCD axions. We predict a transfer of Dark Energy density into Dark Matter density in a cosmological time that can be tested in the next generation of experiments dedicated to Dark Energy measures.
I. INTRODUCTION
Consolidated observations on Supernova Type I a (SN Ia) have established that the universe is undergoing a phase of accelerated expansion. First evidences were provided in 1998 by two independent teams [2, 3] . Since then analyses exploiting SN Ia data set [4] , combined with cosmic microwave background radiation (CMBR) [5] [6] [7] [8] through the WMAP satellite observations and larger scale structure [9, 10] , have strongly corroborated this scenario. Despite from an experimental point of view the picture has been deeply clarified, nevertheless any compelling theoretical explanation of the origin of the current acceleration of the universe can be yet advocated (see e.g. [11] [12] [13] ), and the problem has been dubbed in the literature as "Dark Energy" (DE).
Among many possible descriptions stands the simple hypothesis that DE originates from a Yang-Mills field condensate (YMC). A notable analogy is provided by the Higgs field, but there are important caveats to be considered. The Yang-Mills (YM) field advocated to explain DE does not necessarily match the content of matter of the standard model (SM) of particle physics, and might actually represent a different gauge field matter component. A YMC mechanism was first proposed in [14] to allow a primordial inflationary acceleration of the universe, and was described by the renormalization-group-improvement (RGI) action on a Friedmann-Lemaître-Robertson-Walker (FLRW) background. The same idea was later on adapted to the explanation of DE in Refs. [15, 16] , respectively in the perturbative two-loop and three-loop analyses of the effective action of SU(N) YM theory. The strategy deployed in [15, 16] of accounting for a non-perturbative expansion of the effective action and of retaining only the lowerloops corrections, makes nevertheless not fully reliable the results obtained for the YMC in a regime, the infrared one, proper of DE. Nevertheless, the core of this proposal relies on considering quantum corrections encoded in the effective action, which can be cast in terms of an effective running coupling constant g = g(Θ), as derived within the RGI framework [18, 19, 19] . The coupling depends on a contraction of the field-strength tensors that plays the role of order-parameter for the YMC, namely Θ ≡ − 1 2 F a µν F a µν , and enters the density Lagrangian
Henceforth, sum over repeated internal indices a, which run over the dimensions of the Lie-algebra, will be intended. In g a dependence on the square of the renormalization mass-scale κ is also present. The latter only denotes the initial point in the renormalization group flow, and must not be confused with a physical scale.
The most serious technical issue plaguing previous analyses [14] [15] [16] concerns the stability of the results obtained in the perturbative approach to the computation of the effective action. At higher orders than the threeloops expansion, the appearance of additional terms in the effective action for SU(N) YM-theories might spoil the DE behavior, which totally relies on an ultraviolet perturbative expansion. Conversely, summarizing the analysis in [1] , we proceed in Sec. II and Sec. III to show that a fully non-perturbative approach is possible.
First, in Sec. II we prove that under mild and general assumptions, which are basically the existence of a minimum in Θ in the non-perturbative effective Lagrangian, a DE behavior is recovered.
Then in Sec. III, by making use of the non-perturbative techniques mutated from the functional renormalization group (FRG) procedure, which is more adequate to be used in the confining infrared limit of the theory, we show that such a minimum indeed exists, at least for the case of SU(2), and we provide the explicit example of the latter. We can state general requirements for the effective density Lagrangian W (Θ) that must be fulfilled in order to obtain a YMC model for DE: PI) W(Θ) has a non trivial minimum at some energy scale Θ 0 ≈ Λ 4 D ; PII) W(Θ) posses a perturbative limit, which resembles the one-loop result derived by Savvidy [24] ; PIII) W(Θ) shows the UV asymptotic behavior (Θ Λ 4 D ) of being at least linear in Θ, which in turn is linear in the bare Yang-Mills action. The effective action W(Θ) will be in general equipped with a characteristic energy scale Λ D . A YMC then forms whenever the minimum of W(Θ) is reached.
Sec. IV and Sec. V are the original parts of this work. In Sec. IV we discuss the dark YMC model in the context of a minimal Standard Model (SM) extension
where U (1) P Q is the Peccei-Quinn global axial symmetry, spontaneously broken and associated to a QCD axion.
In Sec. V we emphasize that while DE is described by the dark YMC, the QCD invisible axion provides a good candidate for cold DM. We retain this minimal extension strongly motivated by the strong CP problem. The whole model we present here has an important difference with respect to traditional QCD axion theories: axions can interact with the dark YMC in a EFT framework. In particular, a part of the DE density can be transferred to the DM density during a cosmological time of 1÷10 Gyrs or so. We will estimate the rate of this process and its cosmological limits.
In Sec. VI, we spell out some conclusions and outlooks.
II. YMC AS DARK ENERGY
To shed light on the behavior of the YMC, and check whether it can solve the problem of DE, we assume henceforth a flat FLRW universe, the line element of which is cast in terms of comoving coordinates, i.e. ds 2 = dt 2 − a 2 (t)δ ij dx i dx j , with t cosmological time. In the simplest case of a universe filled only with the YMC minimally coupled to gravity, the effective action reads
with g the determinant of the metric g µν , and R the scalar Ricci curvature. By variation of S with respect to the metric g µν , one obtains the Einstein equation G µν = 8πG T µν , the energy-momentum tensor of the YMC being
The YM tensor can be cast in terms of the structure constants f abc of the SU(N) gauge-group under scrutiny, and generally reads
From now on, we focus on the SU(2) gauge-group, for which f abc = abc . We then pick out a gauge that preserves isotropy and homogeneity of the FLRW background, by assuming gauge fields to be functions only of the cosmological time t, and choosing their components A 0 = 0 and A a i = δ a i A(t). The YM tensor then assumes a simplified form, and its non vanishing components read F 0a i = E/3. The order parameter Θ can be cast in a simple form, i.e. Θ = E 2 , and the energy-momentum tensor is found to be isotropic, with energy and pressure densities given by
Consequently, the equation of state (EOS) of the YMC is immediately recovered to be
. (5) If we require the YM theory to condensate (property PI in Sec. I), then the function W(Θ) must have a non trivial minimum, which implies that W vanishes at some Θ 0 . At Θ 0 , the YMC has an EOS proper of the cosmological constant, since w YMC = −1.
In the high-energy-scale regime Θ Λ 4 D , as a consequence of property PIII we recover for the condensate an EOS of radiation for the YMC, i.e. characterized by w YMC = 1/3, in analogy with the perturbative analysis [14] [15] [16] .
We may generalize this analysis, and resort to a description of the universe that takes into account YMC, matter and radiation, treated in terms of their EOS. Since we have assumed ab initio the universe to be flat, fraction densities must sum up to the identity, i.e. Ω YMC + Ω m + Ω r = 1, with fractional energy densities defined as Ω YMC ≡ ρ YMC /ρ tot , Ω m ≡ ρ m /ρ tot , Ω r ≡ ρ r /ρ tot , and total energy density ρ tot ≡ ρ YMC + ρ m + ρ r . Friedmann equations then read
with dot denoting time-derivative. If we assume no interaction between the three energy components, the dynamical evolution is dictated by energy conservation:
From Eqs. (9), the standard evolutions of the matter and radiation components easily follow, i.e. ρ m ∝ a −3 and ρ r ∝ a −4 , while less obvious turns out to be the evolution of the YMC. Inserting (3) into (8) yieldṡ
a quite compact form that is integrable for any regular enough W. The result is then easily derived:
where α is a coefficient of proportionality that depends on the initial conditions, to be fine-tuned in order to recover the redshift z at which the universe transits into its dark energy phase. At very high redshift, in the limit Θ Λ 4 D , Eq. (11) entails an increase of the order-parameter Θ. Then Eq. (5) encodes the EOS' parameter w YMC → 1/3, and the YMC starts behaving as a radiation component, as expected from asymptotic freedom at high energy. At small redshift, the expansion of the universe requires the LHS of Eq. (11) to asymptotically vanish. This occurs for the extremal value of Θ 0 , at which the EOS' parameter converges towards w YMC = −1, which implies a DE behavior.
III. FRG AND YMC IN THE SU(2) EXTRA SECTOR
In the previous section we reviewed the consequences of properties PI-III for the cosmological evolution of the YMC. We shall give hints now that the YMC so far discussed indeed exists, beyond the perturbative approximation [14] [15] [16] .
The FRG approach, a tool developed to study the nonperturbative flow of a QFT, will provide us with the tools necessary to achieve this purpose. The scale-dependence of the flowing action is recovered by solving the FRG Equation (FRGE) [26, 27] :
in which k is a (running) cutoff scale that allows us to interpolate smoothly between the microscopic action Γ k→∞ and the full quantum effective action Γ k→0 ; the Super-Trace STr is over all discrete indexes and fields, and encodes summation over the eigenvalues of the Laplacian; the quantity R k denotes a mass-like regulator function that suppresses quantum fluctuations with momenta lower than an IR momentum-cutoff-scale k, implementing the Wilsonian renormalization group flow idea with a momentum-shell wise integration of the pathintegral. The FRGE has been extensively applied to SU(N) YMtheories [29] [30] [31] [32] [33] , and to the study of YMC -see e.g. [34] [35] [36] and [37] (the most recent work).
It is impossible to solve (12) exactly, unless we deploy minimal approximations. We might make an ansatz on the functional form of the effective action to solve (12) , but this would shift away from our purpose of determining W(Θ).
We shall instead proceed to reconstruct W(Θ), taking into account the energy-flow generated by the propagator of the bare action, rather than from the propagator of the full (unknown) effective action. In perturbation theory this is equivalent to working at one loop, so we expect to reproduce a result that is similar to one in [24] . A similar analytical calculation in the full flow equation is beyond currently available techniques. To perform a better analysis, some form of interpolated propagator from the UV (free) regime to the IR (interactive) regime should be deployed [37] . This would amount to use numerical methods and an effective description. Although conclusions on the DE behavior will be quantitatively affected by this approximation, we believe that these arguments strengthen the existence of the minimum in the effective action, and thus the appearance of the DE phase.
The computation is performed in the framework of the background field method. The two key ingredients that enter into (12) are a wise choice of the YM background field (following [37] we will use a self-dual background to avoid unnecessary complication with negative eigenvalues of the laplacian) and the deployment of the simplest possible regulator function (mass-like cutoff R k (D) = k 2 in all the sectors of the trace). The resulting effective Lagrangian (after identifying the characteristic energy scale with Λ D ) is the following:
where the coupling constant g appearing in the equation is the bare coupling constant we used as initial condition for the integration of the RG flow. For a detailed derivation of (13) we refer to [1] . From Fig.1 it is evident that the function (13) has a non zero global minimum. The exact position of this minimum can be computed numerically, and in terms of dimensionless quantities is found to be Moreover it is possible, as expected, to reproduce the one-loop result derived by Savvidy [24] by computing the asymptotic expansion of W(Θ) for small values of the YM UV coupling constant g. In this limit:
Finally, we verify that the SU(2) YMC so far discussed evolves from a radiation like component to a DE one. We come back to (11) , and estimate the characteristic scale of the condensate Λ D by comparing the "predicted" YMC fractional energy density at low redshift with the measured DE fractional energy density Ω Λ = 0.735. We then find that for a wide range of initial conditions -the parameter α in (11) -Λ D ≈ 3.2h 1/2 10 −3 eV . As noticed in [14] [15] [16] , this is a very low energy scale compared to typical energy scales in particle physics, thus the SU(2) Yang-Mills interaction must be assumed to describe a dark sector.
We can study the evolution of the YMC energy density and its EOS for different values of α, and still find the same asymptotic values. The value of the cosmological constant and the value of z at the transition epoch to dark energy are known by experimental evidences, and are provided with statistical errors. We can then finetune the parameter α to be consistent with experimental data, in the window allowed by current data. Results are summarized in Fig. 2 . A stability analysis has been performed for our model in the fully interacting model [1] . The position of the fixed point can be estimated numerically. There exists a unique fixed point for every positive value of the coupling parameter and is always attractive.
IV. DARK YANG-MILLS PHASE TRANSITION
In the previous section, we have studied the first order phase transition of the dark Yang-Mills theory in the framework of the FRG approach. From now on we argue how this model can be extended in order to unveil the origin of DM. We start by considering in this section heuristic arguments in favor of a mechanism of evaporation of the gluon condensate of DE into DM. Then in the next section we focus on the instantiation of DM in our model in terms of an axion field coupled to the invisible Yang Mills sector.
In this section we sketch the evaporation of the gluon condensate at finite temperature from the point of view of glueballs approach. At low temperature gluons are frozen (inside the gluon condensate) at a characteristic wavelength Λ −1 D . At temperature higher that a critical temperature T c Λ D , gluons have enough kinetic energy to escape from the condensate, and the evaporation process will start. A first order phase-transition happens at T c . For T < T c the gluon condensate is dominant, while for T > > T c it can be considered as a gas of free gluons. Formation of a condensate breaks conformal symmetry; dilatons are the only degrees of freedom left, and can be described as been governed by the Lagrangian
in which V (ρ) has a certain minimum at ρ = ρ 0 . Oscillations around this minimum describe excitations of a scalar glueball, i.e.
where M g is related to the second derivative of V in its minimum.
In the mean field approximation, one can describe the pressure of the dilaton field as P (ρ, T ) = −T I 1 , in which
g . The thermodynamic potential can be then related to the pressure as
For T > > T c , glueballs do not exist and dilaton's fluctuations cannot be relevant degrees of freedom of the system. However, gluon momenta experience an infrared cutoff at the scale Λ D , so that the free-gluon gas pressure reads
in which
In the latter expressionp(σ) denotes a cutoff that is a function of the dilaton field vev. Furthermore, it is an appropriate function the asymptotic limits of which arē p(σ) → ∞ for ρ → ρ 0 andp(σ) → const for ρ → 0 (the cutoff vanishes for ρ < < ρ 0 ). As emphasized in the literature, these two regimes are expected to be related by a first order phase transition, i.e. a discontinuous increase of the dilaton 1 field profile ρ(T ) around T c [39] [40] [41] [42] .
V. DARK GLUON CONDENSATE AND QCD AXION CONDENSATE
Within the framework of the minimal model considered in the previous sections, we cannot identify any viable DM candidate. In this section, we discuss how to combine our scenario with the QCD invisible axion paradigm. The latter field is associated to the solution of CP problem, and provides a good candidate for cold and hot DM. Recently a mechanism involving QCD axions for an electroweak scale relaxation was also suggested [45] .
We then suggest to extend the SM encoding an extra
It is renown that a CP-violating term in QCD θ QCD 32π 2 G a µν G aµν can lead to large neutron electric dipole moment. However, measurements of the neutron electric dipole moment actually constrain θ QCD < 10 −10 . Furthermore, it is also common knowledge that the CPviolating term can be shifted away by the ordinary Peccei-Quinn mechanism.
The complete Lagrangian of the SU (3) c casts as
and is invariant under global axial U (1) P Q Peccei-Quinn transformations, when the following shift are implemented
M denoting the quark mass matrix with eigenvalues m r . The shift is equivalent to say that quark mass matrix phases are extra sources of CP violations, i.e. that the axial U (1) P Q acts on the vacuum as e iαrQ5 |θ = 1 We are not interested in developing here a detailed numerical study of these features, which nonetheless are still present in the literature for several YM toy-models and/or realistic models. We only limit ourself to conclude that an ambiguity in the definition of the S-matrix will be naturally solved if the Universe evolves toward a big crunch rather than an infinite expansion. In fact, during the final contraction, the thermal bath will inevitably reach T > Tc, and the condensate will evaporate [43] . However, the introduction of an axion coupled to the dark strong sector can increase the evaporation rate [44] , as we will discuss in the next section.
|θ + argdetM . The Peccei-Quinn solution of CP problem consists in promotingθ QCD = θ QCD + argdetM to a dynamical fieldθ QCD = a/f a , a being the axion field, Goldstone boson of the spontaneously broken global axial symmetry U (1) P Q , and the scale f a being the spontaneous symmetry breaking scale of U (1) P Q . The latter can be minimally realized through a complex scalar σ = fa √ 2 e ia/fa with a sombrero-like potential. Notice however that the Peccei-Quinn one is not a symmetry of the quantum theory, and a gets an expectation value induced by the QCD sector, which reads
The effective potential has a periodicity θ − a fa , so that a is forced to get an expectation value a = f a θ . For instance, the axion effective potential in the dilute gas approximation is V eff (a) K cos(a/f a ), where K ∼ Λ 4 QCD . Thus the physical axion field turns out to beã = a − a , and the strong sector generates a mass term forã as
which can be also expressed as
In the latter expression A is the color anomaly of the U (1) P Q current, (A = 1 for N f = N c ), K is related to V eff as mentioned above, M is the quark mass matrix and V ∼∼ Λ Limits on the masses of QCD invisible axions (KSVZ and DFZX models) are constrained in the range 10 −1 ÷ 10 meV, while f a 10 9 ÷ 7 × 10 10 GeV, placed by Axion Cold DM production from misalignment mechanism ADMX, CAST, Telescope searches, Globular cluster stars, white dwarfs cooling, SN1987A [46] and CMB Constraints [47] .
Within the framework of effective field theory, we can introduce an interaction term of QCD axion with the dark gluon condensate O aF F = 1 M aF µν F µν . Notice that this additional operator does not spoil the analysis in Sec. III, in fact its only non vanishing contribution to the quadratic part is proportional to δ δAµ F F , which is the first variation of a topological term. In principle a dark SU (2) D sector has a CP violating term. This term induces an extra contribution to the axion mass coming from dark gluon condensate, i.e. 
As a consequence it turns out that
QCD /f a . Contrary to the scale f a , M is not directly constrained by coupling with SM particles. However, the extra contribution will be much smaller than the ordinary QCD one, and thus can be neglected: ∆m << Λ D 10 −4 eV. Nonetheless, the interaction term O aF F is a gateway from DE to DM. By virtue of this interaction, a dgluon, namely a gluon of the dark sector, can be converted into an axion in the dark condensate. This is a process gg → ga mediated by an off-shell dgluon, i.e. a three-dgluon and a axion-bigluon vertices.
FIG. 3:
Feynman diagrams triggered at tree-level by the Chern-Simons term: curly lines represent dark gluon, while dashed lines represent axions. Decay of DE into DM are originated by dgluon-dgluon scattering, with the exchange of intermediate dgluon quanta, and the production of dgluon and axion particle (Fig.a) or two-axions (Fig.b) . The former process is first order in the characteristic energy scale of the theory M, while the latter is suppressed by an extra power of M.
The total tree-level squared amplitudes in the S, T, U channels is evaluated to be
and is dressed by non-perturbative corrections. Inside the dark gluon condensate, axion emission will be kinematically possible if m a < 2Λ D . This is compatible with QCD axion DM if m a 10 −1 meV. The evaporation rate is controlled by the scale M. We can estimate a decay rate Γ = σn g ∼ n g M −2 , with n g representing the density of the dark gluon condensate, which is roughly equal to Γ ∼ 10 2 Λ 3 D M −2 and then corresponds to τ ∼ (M/GeV ) 2 Gyr. In order not to have a complete evaporation of the condensate at the current cosmological epoch, we can set a limit M > 40 GeV, or same order of magnitude. A variation of 10% in the DM density after a cosmological time of 10 Gyr can be visible if M 120 GeV, or same order of magnitude. We also emphasize that the axions that are emitted have energy around E 2Λ D m a , therefore they are very slow and can easily be captured by axion cold DM condensate. Thus we may predict that DE density will be converted into cold DM density 2 .
VI. CONCLUSIONS
In this paper we have investigated the possibility that dark energy is the vacuum energy of a YMC formed by a dark sector, and that at the same time a QCD invisible axion coupled to the latter sector provides a good candidate for cold DM. Both the hypotheses are highly motivated by string phenomenology. For instance, cancellation of the vacuum energy contributions from the other gauge sectors can be explained while resorting to E8 × E8 heterotic superstring theory with an asymmetric Higgs sector, or alternatively parallel intersecting Dbrane worlds in open superstring theories 3 . Summarizing results of [1] , we have characterized the non-perturbative effective action and shown that, if it has a minimum in Θ, a YMC forms and the model can actually work as DE at small z. If the effective action scales at least like the bare YM action for high-energy scale, at large z it entails the EOS of radiation. Internal consistency requires that perturbative one-loop results must be still recovered in the appropriate asymptotic limit. In [1] these three general requirements have been checked successfully for a SU(2) YM-theory, by deploying nonperturbative FRG techniques.
In the original part of this work, we have then sought a relation between YMC models of DE and DM models. In particular, we have shown that within the framework of a model G SM ×SU (2) D ×U (1) P Q , QCD axions can be 2 It is worth to comment on some technical issues related to these rough estimates. First of all, for the dark gluon condensate at finite temperature there are thermal bath corrections to the axion emission processes. These corrections are negligible for T < < Λ D , but will be relevant at earlier cosmological time, when T ∼ few Λ D 10 −4 eV. These corrections can be computed by the general formalism of thermal QFT [48] . Indeed, the thermal production rate of axions can be calculated from the imaginary part of its propagator Π, since γa = dΓ dV = −2
in which Π < = f B (E) ImΠ. The thermal axions production rate can be obtained thermally averaging the scattering rate gg → ga, or equivalently can be evaluated from the two-loops corrections to the axion propagator induced by gluons. Similar calculations for standard QCD axions were performed in [49] . Complete calculations of these contributions in our scenario are beyond the purpose of this letter. 3 New intriguing implications in particle physics and cosmology of exotic stringy instantons have been studied within the framework of intersecting D-brane models. In particular exotic instantons can generate new effective operators not allowed at perturbative level, as an effective Majorana mass for the neutron, while the proton is not destabilized [50] [51] [52] [53] .
emitted by the YMC in a cosmological time. This causes a tiny conversion of a part of the DE density into cold DM density. This prediction can be tested and limited by next generations of experiments dedicated to accurate measures 4 of DE.
